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Abstract
Thin unidirectional-tape and woven-fabric composites are widely utilized in the aerospace and automotive industries due to their
enhanced fatigue life and damage resistance. Providing high-fidelity simulations of intra-laminar damage in such laminates is
a challenging task both from a physics and a computational standpoint, due to their complex and largely quasi-brittle fracture
response. This is manifested by matrix cracking and fibre breakage, which result in a sudden loss of strength with minimum crack
openings; subsequent fibre pull-outs result in a further, although gradual, strength loss. To effectively model this response, it is
necessary to account for the cohesive forces evolving within the fracture process zone. Furthermore, the interaction of the failure
mechanisms pertinent to both the fibres and the matrix necessitate the definition of anisotropic damage models.
We propose a cohesive phase-field model to simulate intra-laminar fracture in fibre reinforced composites. To capture damage
anisotropy, distinct energetic crack driving forces are defined for each pertinent composite damage mode together with a structural
tensor that accounts for material orientation dependent fracture properties. The material degradation is governed by a 3-parameter
quasi-quadratic degradation function, which can be calibrated to experimentally derived strain softening curves. The proposed
damage model is implemented in Abaqus and is validated against experimental results.
Keywords: Quasi-brittle fracture, Fibre reinforced composites, Anisotropic cohesive phase-field model, Experimental verification,
Finite element simulation
1. Introduction
The demand for lighter, stronger, and durable structures
has led to the widespread application of fibre-reinforced com-
posites, especially in the aerospace and the automobile in-
dustries. Compared to unidirectional composites, traditional
fabric-reinforced composites exhibit lower in-plane stiffness
and critical strength due to the waviness effect of the fibres
[1, 2]. However, fabric-reinforced composites possess higher
through-thickness damage resistance and are capable of dissi-
pating higher energy during critical impact events. These prop-
erties render them an ideal solution for improving the crash-
worthiness of composite structures. Thin uni-directional (UD)
tapes and woven-fabric CFRPs manufactured using the spread-
tow technology [3] are a special class of composites that have
been of significant research interest in the past few years.
In spread tow technology, the fibres are spread into thin-
ner, wider and flatter reinforcements thereby producing ultra
lightweight composites with improved stiffness, strength and
impact resistance [4]. In particular, spread-tow textile fabrics
are known to possess a significantly lower fibre-waviness, re-
duced resin-rich pockets, lower crimp angles and crimp fre-
quencies [5]. As a result, a higher number of thin plies with
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smaller relative fibre angles can be stacked within the same lam-
inate width, resulting in composites with increased toughness
against interfacial fracture between the plies [6, 7]. Spread-tow
fabrics (STF) provide a similar mechanical performance as that
of a cross plied unidirectional ply, but with improved drapabil-
ity and delamination resistance [8].
Intra-laminar failure in most composites initiates within resin
rich matrix pockets, which further evolve to cause delamina-
tion, and also fibre failure in some cases. However in thin-
ply STF laminates, fibre-based failures like fibre breakage and
pullout are the primary and predominant damage mechanisms,
while sub-critical mechanisms like transverse matrix cracking
and delamination are delayed or suppressed in most cases, [see,
e.g., 9, 7, 10, 11, 4]. Damage modelling in such laminates
often becomes cumbersome as fibre-based failures result in a
quasi-brittle fracture behaviour. Fibre-based damage mecha-
nisms comprise combined fibre fracture and pullout events that
result in the development of a fracture process zone (FPZ) due
to fibre-bridging between the crack faces. This gives rise to co-
hesive fractures associated with a gradual crack growth and a
corresponding reduction in the laminate strength; this is in con-
trast to brittle fractures which are manifested by a sudden drop
in the induced stresses and subsequent structural collapse.
In addition, the occurrence of matrix cracks under in-plane
shear stress states leads to complex anisotropic fracture phe-
nomena accompanied by a wide variety of interacting damage
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mechanisms, e.g., fibre breakage/pullout under in-plane ten-
sion, fibre kink band formation under in-plane compression,
matrix cracking under in-plane tension/shear, and fibre-matrix
debonding [7]. This necessitates the need for robust damage
modelling algorithms which are capable of accurately predict-
ing both critical fracture strengths as well as anisotropic crack-
patterns, thus providing a reliable assessment of the overall
structural integrity.
The accurate simulation of evolving crack paths in thin-ply
laminates is an arduous and challenging task due to the pres-
ence of such significantly diverse and coupled intra-laminar
failure modes. Several theories and criteria have been proposed
in the past to predict intra-laminar damage in composite lam-
inates [12, 13, 2, 14, 15, 16, 17]. The most popular among
these are the constitutive models based on Continuum Damage
Mechanics (CDM) [18, 19, 20], which have reached a mature
development state and are the industry standard. CDM repre-
sents defects and cracks in the form of a homogeneous contin-
uum damage field distributed over the entire macroscopic solid
domain; the material degradation effects are accounted by an
appropriately defined damage variable. CDM was first applied
for damage prediction in composites by Talreja [21, 22] who
also later studied damage evolution under fatigue loading [23].
Prominent work was done by Ladeveze and LeDantec [24] (see,
also, [25]) in developing a CDM based damage model for UD
composites which was also later extended to fabric-reinforced
composites [26, 27, 28]. Böhm et al. [29] developed a phe-
nomenological damage model to describe quasi-brittle fracture
behaviour in textile composites with non-crimp reinforcement.
To this point, considerable research has been performed
for the development of CDM-based models for UD [12, 13]
and thin woven fabric-reinforced composites [30, 2], which
have also been applied to simulate impact damage problems
[31, 4, 32]. However, when strain softening behaviour is in-
cluded within the CDM framework the corresponding bound-
ary value problem becomes ill-posed often resulting in numer-
ical instabilities [12, 33, 34]. Consequently, the finite-element
solution becomes mesh-dependent and additional energy-based
regularization techniques, e.g., the crack-band model, must be
employed to prevent spurious damage localization and ensure
an admissible mesh-objective solution [35, 13].
The phase-field method (PFM), originated from the works of
Francfort and Marigo [36], Bourdin et al. [37], is a relatively
recent but robust method for the simulation of evolving cracks
in deformable media. The primary advantage of PFM lies in its
capability of automatically predicting mesh-independent curvi-
linear crack patterns including branching and merging; this mo-
tivates its application to the simulation of complex intra-laminar
composite failure mechanisms. The current applications of
PFM include brittle fractures [38, 39, 40, 41, 42, 43], quasi-
brittle fractures [44, 45], ductile fractures [46, 47, 48, 49], hy-
draulic fractures [50, 51], and hydrogen assisted fractures [52].
PFM has also been implemented in the commercial software
Abaqus [53, 54, 55, 56] within user-element (UEL) and user-
material (UMAT) subroutines.
With regards to composite applications, Verhoosel and Borst
[57], (see also, [58]) attempted to model inter-laminar failures
in composite laminates by incorporating the cohesive zone ap-
proach in a variational phase-field framework. Despite the sig-
nificant advantages offered by the PFM, there have been only
limited applications vis-à-vis the simulation of composite intra-
laminar fracture problems. Although there have been a wide va-
riety of anisotropic phase-field models developed till-date, see
e.g., [59, 60, 61], most of them are based on a unique frac-
ture toughness distribution defined with respect to crack orien-
tation. This is not in line with the actual fracture behaviour of
composites, wherein each intra-laminar failure mode, i.e., fibre
breakage under tension, matrix cracking under tension/shear,
have different critical energy release rates associated with it
[14]. Moreover, most currently available anisotropic phase-
field models assume material properties to be isotropic which is
in contrast to composites which display highly anisotropic ma-
terial behaviour corresponding to matrix and fibre directions.
Bleyer and Alessi [62] modelled different composite dam-
age mechanisms considering distinct phase-fields for each indi-
vidual damage mechanism. Reinoso et al. [63] predicted the
strength of notched thin-ply laminates using a homogeneous
isotropic phase-field model and compared it to a finite frac-
ture mechanics (FFM) approach. Dean et al. [64] coupled the
phase-field method with a pressure-dependent phenomenologi-
cal elasto-plastic material model for ductile fracture in short fi-
bre reinforced composites. Natarajan et al. [65] studied the role
of fiber-orientations and the inter-fiber spacing on the fracture
characteristics of constant/variable stiffness composite lami-
nates using a brittle phase-field model. Reinoso et al. [66] and
Guillén-Hernández et al. [67] combined phase field and cohe-
sive zone models to investigate failure initiation at composite
micro-scales. Significant efforts have been made to model the
interaction between intra-laminar and inter-laminar failures in
composites by coupling the brittle phase-field model and cohe-
sive zone method in a physically consistent manner, see e.g.,
[68, 69, 70]. Recently, Quintanas-Corominas et al. [14] devel-
oped a novel and robust strategy to simulate intra-laminar and
trans-laminar brittle fracture in long-fibre composites by incor-
porating anisotropy in both the elastic and fracture properties.
Their implementation relied on an additive split of the crack-
driving forces associated with each individual damage mech-
anism. The same phase-field variable was associated with all
driving forces. However, it was also highlighted that this ap-
proach results in a single stress-degradation function that trig-
gers the degradation of all elastic properties simultaneously and
by the same amount, which eventually may lead to premature
triggering of failure in a full laminate analysis.
In the current work, we introduce a novel anisotropic co-
hesive phase field formulation that can accurately model the
quasi-brittle failure behaviour exhibited by most thin UD and
woven-fabric composite laminates. Motivated by the work of
Lorentz [71] on non-local gradient damage modelling for co-
hesive fractures in plain concrete we introduce a single phase-
field variable to describe damage in composites. However, to
account for the different damage mechanisms of a composite
material, in our formulation the stresses and elastic properties
in each material orientation are degraded using distinct degra-
dation functions that depend on the critical energy release rate
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and the fracture stress along that direction. The crack driving
state functions and stress-degradation functions corresponding
to each individual damage mechanism, e.g., in-plane longitudi-
nal/transverse cracks in the fibres and shear cracks in the matrix,
are determined separately. An anisotropic structural tensor is
defined to orient the crack-path in the direction associated with
the lower fracture strength and critical energy release rate. Fur-
thermore, we introduce a 3-parameter variant of the cohesive
phase-field model that provides higher flexibility in controlling
the shape of the cohesive softening law. This is important be-
cause the damage models in which the initial and the final stages
of the cohesive softening curve cannot be controlled indepen-
dently have only limited capability in accurately predicting the
post-fracture material response [72, 71].
The paper is structured as follows. In Sec. 2, the isotropic
cohesive phase-field model proposed in Geelen et al. [45] is
briefly revisited. Next, a modified anisotropic 3-parameter co-
hesive phase-field model is proposed in Sec. 3 to simulate
quasi-brittle anisotropic fracture scenarios in thin spread-tow
unidirectional and fabric-reinforced composites. Sec. 4 pro-
vides a detailed description of our numerical implementation in
the commercial FEM software Abaqus. Furthermore, a strat-
egy based on formulations in Lorentz [71] is provided in Sec.
5, to obtain material softening law by calibrating the values of
cohesive-shape parameters with respect to the experimental re-
sponse. Benchmark numerical examples are presented in Sec.
6 along with experimental validations performed on spread-tow
composite laminates, followed by conclusions in Sec. 7.
2. Isotropic cohesive phase-field model
The isotropic cohesive phase-field model proposed in [44,
45] for simulating quasi-brittle fractures is briefly revisited.
Within a variational description of cracked solids, the poten-
tial energy can be represented as the sum of the elastic strain








where Ω is the entire solid domain, Γ is the crack-path as shown
in Fig. 1, ε is the linearized strain tensor, u is the displacement
vector at any arbitrary point in Ω, ψ is the elastic strain energy
density, and Gc is the critical energy release rate. The linearized





In the variational phase-field theory [37] the fracture surface
energy in Eq. (1), which corresponds to a sharp crack path,
is regularized by a diffused crack phase-field represented by a
scalar phase-field variable φ ∈ [0, 1]; φ = 1 corresponds to
the fully cracked and (φ = 0) to the fully intact states of the
material. The regularized fracture energy is hence expressed






Figure 1: General domain Ω containing (a) Internal sharp crack Γ, and (b)
Diffused crack with length-scale L, and subjected to body force b and surface
traction forces t̄
where, a linear fracture surface energy approximation function
γ(φ,∇ φ) based on [73] is adopted, with L being the length-
scale parameter that controls the width of the diffusion zone











The linear description of the fracture surface energy in Eq.
(4) results in cracks with a finite diffusion width and plays an
important role in obtaining a purely elastic material response
prior to crack-initiation. This is central to the phase-field de-
scription of cohesive fracture [45]. Based on Eqs. (1), (3), and
(4) the regularized potential energy of the solid assumes the fol-
lowing form
Π (u, φ) =
∫
Ω







b · u dΩ −
∫
∂Ωb
t̄ · u d∂Ωb, (5)
where b and t̄ are externally applied body and traction forces,
respectively and ψ(ε(u), φ) is the degraded elastic strain energy
density which accounts for the fact that the stored elastic strain
energy of the solid must decrease as the crack evolves and the
amount of dissipated fracture energy increases.
The elastic strain energy density ψ(ε(u)) includes contribu-
tions from both tensile and compressive deformation modes.
However, the crack cannot evolve in regions which are un-
der pure compression. Several methods have been proposed
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to avoid this un-physical behaviour [see, e.g., 38, 39, 74].
The isotropic cohesive phase-field model in [45] follows the
approach described in [39] wherein the elastic strain energy
ψ(ε(u)) is split into a tensile and a compressive part; only the ac-
tive part is responsible for driving the crack evolution process.
This is accomplished via a spectral decomposition of the strain
tensor into its tensile and compressive components as shown in
Eq. (6)




where the Macaulay brackets imply 〈x〉± = (x ± |x|)/2 and λi,
ni are the eigenvalues and eigenvectors of the strain tensor ε.
Based on Eq. (6), the degraded elastic strain energy ψ(ε(u), φ)
is additively decomposed into a tensile ψ+ and a compressive
ψ− component. To account for the fracture induced material
degradation, a degradation function g(φ) is imposed on the ten-
sile part of the elastic energy density so that










± : ε± (8)
and λs, µs are the Lamé constants. Based on the
work of Lorentz [71] on an isotropic gradient damage model,
the degradation function g(φ) is defined as
g(φ) =
(1 − φ)2





]) ; p ≥ 1








In Eq. (9), E is the Young’s modulus, σc is the critical fracture
stress, and p and q are model parameters. One may refer to [71]
for a detailed derivation.
The governing equations of the cohesive phase field model
emerge from the minimisation problem
{u, φ} = Argmin{Π (u, φ)} (10)
that gives rise to the following coupled strong form














and φ̇ ≥ 0
, (11)
where D̃iso is the isotropic crack-driving force term and σ is the
Cauchy stress tensor.
Remark 1. To ensure the stability of the cohesive phase field
model, [71] derived an upper bound for the length scale pa-





where A(φ) = 1 + pφ[exp (q2φ2)] [71] has been used in Eq. (9).










Figure 2: Illustration of directions n11, n22 and n12 in thin spread-tow (a) uni-
directional and (b) woven-fabric composite plies
Composites are highly anisotropic materials that fail under
diverse modes; these can be primarily classified into fibre frac-
ture and pullouts/bridging and matrix rupture. Often, the frac-
ture behaviour displayed by different composite damage mech-
anisms is quasi-brittle in nature and a fracture-process zone
evolves due to the presence of fibre pullout/bridging effects as
shown in Fig. 3. Each mechanism not only differs in the driving
forces that trigger crack initiation, but they are also associated
with different values of the fracture stresses and the correspond-
ing critical energy release rates. This necessitates the extension
of the cohesive phase-field model discussed in Sec. 2 to in-
corporate anisotropic effects, which can accurately capture the
fracture response pertaining to each composite damage mecha-
nism.
Driven by the derivations provided in [75, 59] and also in
[65, 14, 76] for composite materials, we begin by introducing a









∇φ · A ∇φ
]
. (13)
The generalised functional definition of Eq. (13) enables the
model to drive the crack along the directions with the lower
fracture toughness σc and critical energy release rate Gc.
In unidirectional composites, the fracture properties in the di-
rection normal to the fibre orientation are substantially weaker
when compared to the fibre directions. This implies that it is
comparatively much more difficult to crack the fibres and ex-
perimental evidence suggests that the crack propagates in the
direction parallel to fibres [77]. In thin woven fabric laminates,
e.g., in plies with fibre orientations (0o/90o), cracking in either
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direction would involve fibre failure, but the crack might still
have a preferred orientation based on the values of fibre zfrac-
ture strength and toughness in different directions. Hence, in
the current work the structural tensorA is defined according to
Eq. (14) in line with the definition in [14].
A = α1n11 ⊗ n11 + α2n22 ⊗ n22. (14)
In the case of UD composites, n11 and n22 correspond to the
fibre and matrix directions, respectively (Fig. 2a). In the case
of woven-fabric composites, both n11 and n22 correspond to the
fibre directions as shown in Fig. 2b.
Furthermore, αn = {α1, α2} are parameters that penalize
crack propagation along the material directions which are man-
ifested with a higher fracture toughness and strength. These
parameters assume a value as αn = 1 along the stronger mate-
rial direction. Conversely, a very low value is considered for the
weaker direction (typically αn ≈ 0.02 − 0.05). Specific values
can also be obtained on the basis of the ratio of critical energy
release rates Gc(s) and Gc(w) along the stronger and weaker di-








Figure 3: Illustration of fracture-process zone (FPZ) in fibre-reinforced com-
posite plies due to combined fibre breakage and fibre pullout/bridging effect
3.1. Constitutive assumptions
The decomposition of the strain energy density ψ and the
corresponding crack-driving force D̃iso defined in Eqs. (8) and
(11), respectively are valid as long as the material is isotropic in
its elastic and post-fracture response. To this point, anisotropic
phase field models have been developed, see, e.g. [59, 60, 61]
that rely on the assumption of elastic isotropy and consider an
anisotropic definition of the critical energy release-rate Gc de-
pending on the crack orientation. However, in composites pref-
erential directions emerge due to the fibre orientations that re-
sult in anisotropic elastic properties. This implies that the de-
formation modes in each direction contribute to specific compo-
nents of the strain energy density, which then trigger individual
failure mechanisms.
Typically, in thin spread-tow fabric and UD plies these failure
mechanisms can be classified into the following categories (see,
also Fig. 2).
1. Fibre fracture and pullouts in woven-fabric or UD-tape
plies due to tensile deformations along the n11 direction;
2. In-plane matrix cracking in UD-tape or fibre fracture and
pullouts in woven-fabric plies due to tensile deformations
along the n22 direction, and
3. In-plane matrix cracking in woven-fabric and UD-tape
plies, due to shear deformation along the n12 direction
The transverse damage mechanisms such as matrix cracking
under transverse shear deformations and subsequent delamina-
tion are practically suppressed in thin spread-tow composites
[7], and hence are not modelled in the current analysis.
In the subsequent sections, the above damage mechanisms
are denoted by a subscript i ∈ {11, 22, 12}. The subscripts {11},
and {22} correspond to the tensile failure modes in the material
directions n11 and n22, respectively whereas n12 corresponds to
the shear failure mode.
Based on the above analysis, it becomes important to indi-
vidually characterize the active strain energy density compo-
nents ψi which are responsible for triggering each correspond-
ing damage mechanism. Similar to [14, 76], we consider that
each damage mechanism is associated with a distinct critical
energy release rate Gci and a critical fracture strength σci that
can be experimentally identified.
Within this setting, we reformulate Eq. (11) and introduce
the following coupled strong form for our anisotropic cohesive
phase-field model
∇ · σ + b = 0 (15)












The explicit expressions for the Cauchy stress σ and the
anisotropic crack-driving force D̃ will be discussed in Sec. 3.2
and Sec. 3.4, respectively.
To ensure that the coupled strong form gives rise to evolving
damage only, hence non-healing, the following irreversibility
constraint is imposed on the phase field evolution Eq. (16).
φ̇ ≥ 0. (18)
This irreversibility constraint has been traditionally imposed
via a history variable [see, e.g., 39, 41]. In this work, the gov-
erning equations are augmented into a Lagrangian setting [45]
as discussed in the algorithmic implementation of the proposed
model in Section 4.
3.2. Elastic strain energy density
Based on the preferential material directions in composites
and the classification of different damage mechanisms provided
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in Sec. 3.1, the following split for the strain tensor naturally
emerges (see, also Bleyer and Alessi [62])

















is the passive part, respectively. In Eqs. (20) and (21), 〈x〉± =
(x ± |x|)/2 are the Macaulay brackets.
Remark 2. It is of interest to note that when using the strain-
decomposition method shown in Eqs. (20) and (21), the orthog-
onality condition for the positive/negative stresses is not neces-
sarily satisfied, i.e. the cross-components (σ+i j · ε
−
i j) in the orig-
inal strain energy density expression do not necessarily vanish.
This aspect has been addressed in the recent work of Wu et al.
[78] wherein a positive/negative projection in the energy norm
is employed leading to a well-defined energy functional and a
thermodynamically consistent framework.
Despite this theoretical inconsistency, we find the split pre-
sented in [62] to provide an intuitive framework vis-a-vis the
failure response of composites since the distinct failure mech-
anisms are primarily driven by the prevalent components of
the energy density. The extensive experimental validations per-
formed as part of this study (see, also, Section 6) demonstrate
that such an assumption is valid and of practical use for the
case of composites. Further extending the method provided in
Wu et al. [78] for the case of anisotropic fractures would also
lend the methodology described herein to a theoretically consis-
tent framework. This is however beyond the scope of the present
work.
The effective stress tensor σ̄ at each material point within each
ply is defined accordingly based on Classical Laminate Theory
(CLT) as Eq. (22).



















where Co is the elastic material stiffness matrix; plane-stress
conditions are considered. In Eq. (23), E11 and E22 are the
elastic Young’s moduli, G12 is the in-plane shear modulus, and
ν12/ν21 are the in-plane Poisson’s ratios defined for each ply
of the composite laminate, where the relation ν21E11 = ν12E22
holds.
The effective stress σ̄ in Eq. (22) can be similarly split into
an active and passive part, i.e.,


















Based on Eqs. (19)-(21) and (24)-(26), the components of
the elastic strain energy density ψ, which are responsible for







































tributes to a specific damage mechanisms, i.e., {11}, {22}, and
{12}, respectively and are hence accounted for separately. It
is of interest to note that, the isotropic formulations can be re-
covered by summing up the corresponding active and passive
components of strain energy density, i.e.,










3.3. Energetic degradation function
In this section, we provide explicit definitions of degrada-
tion functions pertaining to each composite damage mecha-
nism. Each function is responsible for degrading specific strain
energy components and can aid in avoiding premature initiation
of failure in all modes simultaneously. Following the deriva-
tions presented in [71] (see, also Eq. (9)) for the case of an
isotropic medium, a 3-parameter quasi-quadratic degradation
function gi(φ) is introduced for each anisotropic damage mech-
anism i ∈ {11, 22, 12}, which depends on the critical fracture
stress, critical energy release rate and the cohesive law shape
corresponding to that mechanism. The degradation functions
g11(φ), g22(φ) and g12(φ) are expressed as
g11(φ) =
(1 − φ)2








(1 − φ)2 + m12φA12(φ)
, (32)
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where the parameters m11 = −g′11(0), m22 = −g
′
22(0) and
m12 = −g′12(0) correspond to the initial slope of the correspond-













and L is a length scale. Furthermore A11, A22, A12 assume the
following form


















where qi, and pi ≥ 1 are model parameters.
The degradation functions gi(φ) defined in Eqs. (30)-(32)
are imposed on the active tensile strain energy densities ψ+i in
Eq. (27), hence resulting in the following equation











Hence, contrary to the isotropic case of Eq. (7), in the
anisotropic case each failure mode specific degradation func-
tion gi(φ) acts only on its respective active energy term ψ+i . This
ensures that once the damage is triggered, the material com-
pliance in each direction is penalised by different amounts of
degradation based on mode-specific elastic and fracture proper-
ties.
Remark 3. The 3-parameter degradation function chosen in
this work allows for a versatile and accurate simulation of dam-
age evolution in composites. Cohesive laws in which the initial
and the final stages of softening cannot be controlled indepen-
dently have been shown to offer limited capabilities in high-
fidelity damage simulations [72, 71]. The model can be fur-
ther extended by introducing additional parameters and higher-
order polynomials in the degradation function definition, see
e.g., [44], to obtain more diverse softening behaviour.
The model parameters {mi, pi, qi} control the shape of the
cohesive softening law for each individual failure mode i ∈
{11, 22, 12}. Their effect on the degradation functions gi(φ) are
shown in Fig. 4. In particular, parameter pi controls the initial
slope of the degradation function only (Fig. 4a). Higher val-
ues of pi result in faster material degradation hence reducing
the predicted peak fracture stresses. Conversely, qi controls the
final stage of the degradation function only (Fig. 4b). Thus, it
affects the final crack-separation displacement in the cohesive-
law.
The third parameter mi, see Eq. (33)-(35), depends on the
material and fracture properties (Ei, σci,Gci) which are con-
stants for any given material and affect the shape of the soft-
ening branch. Smaller values give rise to near-linear descend-
ing branches (Fig. 4c). The fact that mi depends also on the
length scale L, which is common for all failure modes, implies
that {m11,m22,m12} cannot be calibrated independently of each
other. However, as the fracture response of cohesive phase-
field models has been shown to be length scale independent,
L needs only to assume a small enough value so that the dif-
fusion zone becomes bounded [44, 45]. In the limit L → 0,
the cohesive phase-field model converges to an asymptotic co-
hesive zone model, as demonstrated in [71]. It is worth noting
that in the current model, the estimated peak fracture force and
the final crack-separation displacement remain unaffected due
to variations of parameter mi and the length-scale L.
Furthermore, it can be observed that due to the specific for-
mulations adopted for gi(φ) in Eq. (30), the stresses in each
direction are naturally subjected to different amounts of degra-
dation, which is controlled by the anisotropic fracture param-
eters {Gci, σci}; these correspond to specific composite failure
modes i ∈ {11, 22, 12}.
Remark 4. Similar to Eq. (12), an equivalent upper bound def-
inition for the length-scale must be incorporated within the pro-
posed anisotropic cohesive phase-field model to achieve opti-
mal convergence. We define this based on the material and
fracture properties in two principal, viz. warp and weft, di-
rections of the spread-tow fabric and spread-tow unidirectional
composites, i.e.,











where Gci are the critical energy release rates, σci are the crit-
ical fracture stresses and L is the length scale parameter with
its upper-bound defined by L(UB). The expression in Eq. (40) is
closely related to the characteristic length of the fracture pro-
cess zone, which is given as LFPZi = EiGci/σ
2
ci.
3.4. Anisotropic crack-driving force
The definition of failure mode specific degradation functions
ensures that these degrade only the corresponding active part
of the elastic energy density Eq. (28), with the degradation
rates governed by respective material and fracture properties.
This ascertains that despite using a single damage variable in
our formulations, we maintain a slower damage evolution rate
in stronger material directions post damage initiation. This
anisotropic degradation effect must also be manifested within
the definitions of the crack-driving forces responsible for trig-
gering each failure mode. To ensure independent crack evolu-
tion in each direction, (see Fig. 5 for a woven-fabric composite
ply), we consider that the crack-driving force D̃ in Eq. (16) is
additively decomposed into failure mode specific components,
i.e.,
























































































Figure 4: Variation of stiffness degradation function gi(φ) for any composite damage mechanism i with respect to phase-field variable φ for different values of









In Eqs. (42)-(44), the mode specific crack driving force terms
depend on the mode specific critical energy release ratesGci, the
tensile strain energy densities ψ+i , and the degradation functions
gi(φ). Hence, the coupling between the governing Eqs. (15) and




Figure 5: Illustration of different crack-driving forces D̃i, critical energy release
rates Gci, critical fracture stresses σci and strain energy density contribution
ψ+i , responsible for initiating each damage mechanism i in spread-tow fabric
composites. Each D̃i is degraded using distinct degradation function gi(φ)
Remark 5. The isotropic case can be recovered by setting,
σc = σc11 = σc22 = σc12
Gc = Gc11 = Gc22 = Gc12
(45)
which also eventually leads to,
g(φ) = g11(φ) = g22(φ) = g12(φ) (46)
3.5. Effective critical energy release-rate
Bourdin et al. [37] in their original variational formulation
showed that the fracture energy is slightly overestimated during
phase-field simulations. The amplitude of this overestimation
depends on the characteristic mesh size in the overall finite-
element discretization. To alleviate this effect, the critical en-
ergy release rate obtained from the experiments must be scaled
to an effective Ge f fc for the purpose of phase-field simulations,
see also Egger et al. [79] for a comparative review. In this work,










where he is the characteristic element length, L is the length-
scale parameter, andGc/G
e f f
c are the actual and effective critical
energy release rates, respectively. For an effective comparison
between the experimental results and the fracture estimations
provided by phase-field simulations, it is important to use Ge f fc
in the formulations; this is discussed in the numerical examples
presented in this study.
3.6. Shear isotropic hardening in fabric-reinforced composites
In woven-fabric reinforced composites, the shear response
is primarily dominated by the material properties of the ma-
trix. This involves nonlinear plastic deformations of the matrix
followed by strength degradation due to the initiation of ma-
trix micro-cracks [2, 4]. To account for the plasticity and sub-
sequent strength reduction, we combine the anisotropic cohe-
sive phase field model with an elastic-plastic constitutive model
with isotropic hardening for the in-plane shear behaviour. The
plastic evolution of shear stresses is controlled using a thresh-
old function proposed in [2], also shown in Eq. (48), which
governs the onset and evolution of plastic shear behaviour.











where τ̄12 is the in-plane shear stress, ε
p
12 is the plastic shear
strain, and S LP is the shear yield stress. The constants
{ζE , ζ
T
E , ζL} are material parameters that can be obtained through
calibration to experimental results obtained from pure shear
tests of woven fabric-reinforced composites, see, e.g. [4]. Fig. 6
schematically illustrates the shear stress-strain response for any
typical fabric-reinforced composite, based on the elastic-plastic
cohesive phase-field model proposed in this work.










where εe12 is the elastic shear strain and ε
i
12 is the isotropic hard-
ening variable [2].
Based on this, the active shear strain energy density ψ+12 in
Eq. (27) and (44) must be modified for the case of fabric-
reinforced composites, to include only the elastic part of the
















Once the critical shear stress S L is reached, the post-peak
shear stress-degradation is controlled using the cohesive phase-

























Figure 6: Illustration of characteristic in-plane shear behaviour for a typical
spread-tow fabric (STF) reinforced composite
4. Solution scheme and Abaqus implementation
4.1. Augmented Lagrangian form of the governing equations
Eq. (18) imposes the necessary irreversibility constraint to
the phase field, i.e., a crack should not be allowed to heal. Sim-
ilar to [45], we introduce this constraint by means of an aug-











where λ and γ are augmented Lagrange and penalty parame-
ters respectively, and {φn−1} is the phase-field variable values
obtained at time t = tn−1. The penalty γ is imposed when-
ever the value of the phase-field decreases during subsequent
time-increments i.e. φ < φn−1, or when it exceeds unity i.e.
φ > 1. The Lagrange multiplier is updated iteratively until con-
vergence. Although this augmented Lagrangian representation
minimally distorts the original strong form due the iterative up-
dating of the Lagrange parameter, more accurate values of γ
can be obtained based on the lower-bound analytical limit pre-
sented in [80]. Our numerical experiments have also confirmed
the recommended values of γ = 1.e4 and Rγ = 1.0e−4 for the
penalty parameter and the corresponding convergence tolerance
provide robust and accurate predictions.
4.2. Galerkin approximation
To obtain the displacement and phase-field solutions from the
equilibrium Eq. (15)1 and the modified phase-field evolution
Eq. (52) using the Galerkin method, the following trial solution













with the corresponding weighting or test function spaces as de-













Multiplying the strong form equations (15) with the above
test functions δu and δφ, and performing integration by parts





σ · ∇δu dΩ −
∫
Ω
b · δu dΩ −
∫
∂Ωb




















〈λ + γ(φn−1 − φ)〉+ + 〈λ + γ(1 − φ)〉−
)
δφ dΩ ≈ 0
(55)
The solution to the combined set of Eqs. (55) is obtained us-
ing either monolithic or staggered algorithms which are based
on simultaneous and alternating minimization respectively, of
residuals Ru and Rφ. Although the conventional monolithic al-
gorithm provides accurate fracture predictions, it suffers from
poor convergence issues due to the non-convexity of the un-
derlying energy functional [81]. This has been very recently
alleviated by employing the more efficient BFGS monolithic
algorithm [82, 83], which involves fewer iterations and refor-
mulations of the system matrix in each increment. In contrast
to monolithic approaches, the staggered (alternating minimisa-
tion) algorithm relies on decoupling the linear momentum and
phase-field equations and solving them separately within each
increment. This is achieved by freezing one solution variable
at a constant value and solving for another variable, and vice-
versa. This retains the convexity of the energy functional and
hence, displays excellent convergence characteristics.
In the current work, we use a one-pass staggered (alternating
minimisation) solution scheme presented in [84], see also [45].
Although such an implementation necessitates the use of small
time increments (1.0e−5 − 5.0e−5) to ensure accuracy, it allows
for a straightforward utilization of Abaqus parallel solving ca-
pabilities and facilitates the direct visualization of the solution
results in Abaqus/Viewer.
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4.3. Hybrid phase-field formulation
To accelerate the solution procedure we employ a hybrid for-
mulation, in which the stress and the phase-fields are derived
via distinct energy functionals, i.e., ψ̄ and ψ, respectively. Such
a hybrid split based on separate energy functionals ψ̄ and ψ has
been investigated previously for brittle fractures in [85, 86, 74],
quasi-brittle fractures in [44, 87, 88, 89, 90] and recently for
composite brittle fractures in [76].
According to this, the crack-driving force term D̃ in Eq.
(55)2 is evaluated based on the active (tensile) strain energy
density expressions ψ+i provided in Eq. (41). However, the
Cauchy stress in Eq. (55)1 is evaluated by the energy functional
ψ̄ in Eq. (56) below.
ψ̄ = εT : Co : ε (56)
where Co and ε are defined in Eq. (23). The derivative of ψ̄
with respect to ε provides the effective stresses σ̄ in Eq. (57),








= Co : ε (57)
Furthermore, the degraded (σ) Cauchy stress tensor can be










The hybrid split conceptually resembles gradient-enhanced
continuum damage mechanics models and has proved to reduce
the computational effort by at least an order of magnitude as
the modified linear momentum and phase-field equations are
effectively linearised. As a result, the hybrid damage model is
no more variationally consistent, but such a variational crime
doesn’t violate the second law of thermodynamics and the en-
ergy dissipation inequality as established in [89, 90], see also
[44, 88, 81]. Moreover, the asymmetric nature of fracture under
tensile/compressive deformation modes can be very accurately
captured using the hybrid split while significantly enhancing the
computational efficiency [74, 81, 90].
4.4. Implementation within Abaqus UMAT subroutine
The solution algorithm is implemented within the commer-
cial software Abaqus [91] using user-material (UMAT) subrou-
tine as illustrated in Fig. 7. The choice of UMAT is based on its
inherent advantage that most of the Abaqus in-built functional-
ity, e.g., defining composite ply layups and fibre orientations,
can be directly utilized. Moreover, no additional visualization
modules are needed and the post-processed final results can be
directly visualized in Abaqus CAE/Viewer as opposed to the
user-element (UEL) subroutine, see e.g., [53, 54, 55, 56].
Since no additional D.O.Fs are introduced when using the
UMAT subroutine, the Abaqus solver can only be used to solve
those D.O.Fs which are inherent to the Abaqus standard library
[91], e.g., the displacement D.O.Fs in this case. To solve the
phase-field equations, an external linear system solver such as
Intel’s Math-Kernel Library (MKL) Pardiso [92] is used in the
current work. This is linked as an external library to the Abaqus
platform at compilation. To facilitate the sequential solution of
the linear momentum and phase-field equations within the stag-
gered solution scheme, the UEXTERNALDB subroutine avail-
able in Abaqus is used to call both Abaqus and Pardiso solvers
alternately in subsequent time-steps. The common variables
which are required to solve both equations, e.g., the crack driv-
ing force D̃ and the phase-field variable φ, are exchanged via
an external Fortran module. The damage results obtained at the
end of each time-step are stored in the form of state-dependent
variables STATEV to be used in the subsequent iterations.
5. Experimental calibration
The proposed anisotropic cohesive phase field model relies
on the definition of the degradation functions defined in Eqs.
(30)-(32). Hence, a proper calibration of all pertinent material
parameters based on experimental measurements is required for
the model to provide high-fidelity estimates. In particular, to
fully define the degradation functions, the following parameters
have to be identified (see also Fig. 8)
1. The critical fracture stresses σci corresponding to each
damage mechanism i ∈ {11, 22, 12} which defines the
point of damage initiation;
2. The critical energy release rates Gci which defines the total
area under the cohesive traction-separation curve;
3. The shape of the cohesive softening curve, which is con-
trolled by the parameters {mi, pi, qi} and;
4. The displacement at crack separation δci.
In practice, the model parameters {pi, qi} for each damage
mechanism i ∈ {11, 22, 12} can be calibrated using two inde-
pendent experiments. For the case of woven-fabric laminates,
the value of the tensile parameters {p11, q11, p22, q22} can be ob-
tained from either an open-hole tension or a compact tension
test of (0o/90o) laminates. The shear parameters {p12, q12} can
be obtained from a tensile test on (−45o/45o) laminates or a
pure shear test on (0o/90o) laminates of the same material, see
[2, 4] for more details.
Using the parametric definition of the traction separation
law provided in Lorentz [71], within the context of a gradi-
ent enhanced continuum damage model, we define the follow-
ing relations for each of the composite damage mechanism
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The analytical expressions Eqs. (59)-(62) can be fitted to
experimentally derived softening curves hence identifying the
















parameters {mi, pi, qi}
Area under the 
curve := Gci
Figure 8: Illustration of cohesive softening law with associated material and
fracture parameters for any specific composite damage mechanism i
6. Applications









Figure 9: Anisotropic square plate under tensile loads: Geometry and boundary
condition of square plate with an arbitrary fibre orientation θ [61]
A square plate under tensile loading is considered in this ex-
ample. The geometry and boundary conditions are shown in
Fig. 9. Node F is constrained in all translational and rotational
DOFs. Only the vertical displacements off all the nodes on the
edge AE are constrained. A uniform vertical displacement is
imposed along the edge ED. This set of boundary conditions
results in stress-concentration at E, where the crack is expected
11
Type Property Value Unit














(p11, q11) (1, 0) -
(p22, q22) (1, 0) -
(p12, q12) (1, 0) -
Table 1: Elastic and fracture properties of IM7/8552 unidirectional ply taken
from [93]
to initiate. The material properties considered are shown in Ta-
ble 1 and correspond to a IM7/8552 unidirectional ply [14].
To examine the effect of the fibre orientation on the crack
path, a set of simulations is performed for varying fibre an-
gles, i.e., θ = 0o, 30o, 45o, 60o. To avoid the effect of mesh-
bias, a uniform mesh is considered with 15750 elements and
an element size he = 0.008 mm. The length-scale parameter is
L = 0.025 mm. As shown in Fig. 10, the crack initiates at E and
consistently propagates along the fibre directions for all orienta-
tions. This is consistent with experimental observations that in
unidirectional composites, matrix cracking often becomes the
primary mode of failure resulting in crack propagation parallel
to fibres [77]. This is due to the fact that the matrix-strength
is considerably lower than the fibre-strength, and the fracture
energy required to crack the fibres (characterized by σc11 and
Gc11) is much higher than the fracture energy required to crack
the matrix (characterized by σc22 and Gc22).
6.2. Compact-tension (CT) test for Textreme-80g/m2 spread-
tow fabric composite
Compact-tension tests are typically performed to character-
ize the fibre tensile fracture toughness. In this example, we an-
alyze the tensile fracture strength of a widely used spread-tow
woven fabric-reinforced composite material, i.e., Textreme R© 80
g/m2, which is manufactured by Oxeon [95]. An extensive ex-
perimental campaign was conducted on Textreme R© [94, 96, 97],
and the results obtained from Compact-Tension tests have been
previously reported in [4]. In this example, we use the ex-
perimentally derived fracture response to validate the proposed
anisotropic cohesive phase-field model.
The experiments were conducted on laminates each with a
[0o/90o] stacking sequence containing 56 plies. The average
laminate thickness was 4.37 mm. A thin sharp crack with a
radius of 250 µm and a length of 10 mm was machined using
a diamond coated wire. The loading was applied using a hy-
draulic universal testing machine MTS-858 which is equipped
with a 25 kN load cell, see Fig. 12. During the experiments,
very little buckling was observed with the crack being confined
in the desired crack path. In addition, no delamination was ob-
served in the C-scan inspections which indicates the validity of
the tests [94]. The reader is further referred to [4] for more
details about the experimental procedure.
The geometry and boundary conditions employed in the sim-
ulation are shown in Fig. 11. The material properties are taken
from [4] and shown in Table 2. Since the shear critical energy
release rate Gc12 has not been provided in [4], it is assumed
herein to be 1.5 times the tensile Gc11 and Gc22 owing to negli-
gible shear cracking observed in Textreme R© 80 g/m2.
Remark 6. It of interest to note that the in-plane shear be-
haviour of fabric-reinforced composites is predominantly gov-
erned by the matrix properties [2]. However, due to the
very small ply thickness and the fabric structure within the
Textreme R© 80 g/m2 laminate, there was negligible matrix
cracking under in-plane shear observed during the experiments
[4]. A similar behaviour was also reported by Wagih et al. [98],
where fiber-based failures were the primary modes of intra-
laminar damage in Textreme R© 80 g/m2. Hence, the influence
of the shear fracture properties is practically negligible on the
overall fracture response.
Since there was no interlaminar damage observed in the
experiments, the phase-field simulations are performed using
a single layer of fully-integrated S4 shell elements available
within the Abaqus standard library. The mesh consists of total
20320 elements and is refined with he = 0.1 mm in the central
region where the crack is expected to propagate. The length-
scale parameter is taken as L = 0.6 mm. Based on the chosen
values of he and L, the critical energy release rates provided in
Table 2 are scaled to their effective values Gc11 = Gc22 = 54.5
N/mm and Gc12 = 81.75 N/mm based on Eq. (47). The evolu-
tion of the crack path with increasing load increments is shown
in Fig. 13. The crack-path obtained from the cohesive phase-
field model is compared with the experimentally obtained crack
and C-Scan inspections in Fig. 14; the two crack paths match.
The influence of the cohesive parameters pi and qi on the crit-
ical fracture load and the post-fracture softening response for a
fixed length-scale L is illustrated in Fig. 15. It is evident that by
choosing appropriate values of pi and qi, a very accurate pre-
diction of the experimental fracture response can be obtained,
which also coincides with the prediction made by Soto et al.
[4] using a Continuum Damage Mechanics (CDM) model, see
Fig. 16.
Remark 7. The third set of cohesive parameters mi cannot be
controlled independently for each individual composite dam-
age mechanisms i ∈ {11, 22, 12} as it inherently depends on the
anisotropic material and fracture properties. Although differ-
ent combinations of mi ∈ {m11,m22,m12} can be obtained by
varying the length-scale parameter L, each of these combina-
tions would lead to strong interference of the anisotropic stress-
degradation mechanisms. To qualitatively assess the influence




Figure 10: Anisotropic square plate under tensile loads: Crack propagation pattern with increasing time-increments for different fibre orientation angles θ =
0o, 30o, 45o, 60o. The values of phase-field variable φ where φ=0 and φ=1 represent intact and cracked states of the material
Property Values
Elastic properties E11 = 61400 MPa ; E22 = 61400 MPa ; G12 = 3782 MPa ; ν12 = 0.042
Fracture strengths σc11 = 975.4 MPa ; σc22 = 975.4 MPa ; σc12 = 85.9 MPa
Shear plasticity parameters S LP = 30 MPa ; ζE = 34.5 MPa ; ζTE = 141.5 ; ζL = 335.1 MPa
Critical energy release rates Gc11 = 65.4 N/mm ; Gc22 = 65.4 N/mm ; Gc12 = 98.1 N/mm
Cohesive phase-field parameters p11 = 5.5 ; q11 = 1.1 ; p22 = 5.5 ; q22 = 1.1 ; p12 = 5.5 ; q12 = 1.1 ; L = 0.6 mm
Table 2: Elastic and fracture properties of Textreme R© 80 g/m2 taken from [4]
ideal isotropic case with mi = m11 = m22 = m12 = 3GcE/2Lσ2c .
The CT simulations are then performed with different values of
mi by modifying L, but fixing the values of pi = 1 and qi = 0.
The material and fracture properties for the isotropic case
are taken as E = 61400 MPa, Gc = Gc11 = Gc22 = Gc12 = 54.5
N/mm, and σc = σc11 = σc22 = σc12 = 975.4 MPa. All other
input parameters are kept unchanged. The resulting crack-
paths for different values of [L,mi] are shown in Fig. 18. The
width of phase-field diffusion zone increases with increasing L
as expected. Furthermore, the influence of [L,mi] on the over-
all load-displacement response is illustrated in Fig. 17. It can
be observed that the variations in either the length-scale L or
mi do not affect the resulting critical fracture loads and final
crack separation, i.e., the initial and final stages of the soften-
ing curve; rather they only control its intermediate shape.
In the current analysis, pi = 5.5, qi = 1.1 and L = 0.6 mm
have been found to provide a reasonably good approximation
of the fracture response. In the next example, we will use these
calibrated values of {pi, qi} and L to validate the experimental
fracture response of Textreme R© 80 g/m2 using a double-edge
notched tension (DENT) test.
6.3. Double-edge notched tension (DENT) test for Textreme-
80g/m2 spread-tow fabric composite
To assess the accuracy and predictive capabilities of the pro-
posed phase-field model, we simulate a double-edge notched
tension (DENT) experiment on a Textreme R© 80 g/m2 specimen
using the calibrated material parameters of the previous exam-
ple. We compare the simulation results with the experimental
data [94].
DENT tests are typically performed on laminates to measure
the crack resistance curve (R-curve) associated with their ten-
sile fracture toughness. However for a cross-ply laminate like
Textreme R©, DENT tests yield tensile fracture toughness corre-


















Figure 11: Compact Tension (CT) test: Geometry and boundary conditions for
Textreme R© 80 g/m2 spread-tow fabric composite laminate [All dimensions in
mm]
Figure 12: Compact Tension (CT) test: Experimental set-up and load applica-
tion on Textreme R© 80 g/m2 spread-tow fabric composite laminate [94]
is illustrated in Fig. 19. The experiments were performed on
a total 5 samples with different widths (W) and initial notch
lengths (a0), however the ratio 2a0/W was kept constant at a
value (≈ 0.6) for all samples [94]. The actual sizes of W and
a0 used in the experiments are shown in Table 3, and the length
of all samples is taken constant as L = 250 mm. The lami-
nate stacking sequence is [0o/90o] for all specimens with the
total effective thicknesses as shown in Table 3. Similar to the
CT specimens, a diamond coated wire was used to machine
thin initial cracks on both left and right edges. The tests were
performed with a hydraulic universal tester MTS-810 equipped
with a 250 kN load cell, and no tabs were used.
For the phase-field simulations, the material properties
shown in Table 2 are used with the previously CT calibrated
values of {pi, qi} and L . The mesh is refined in the central re-
gion with he = 0.1 mm. The total number of elements are 7044,
9422, 11815 and 14151 for specimens 1, 2, 3 and 4 respec-
tively. The crack path and the representative load-displacement
responses for the DENT specimens with varying widths and ini-
tial crack-lengths are shown in Fig. 20 and Fig. 21, respectively.
The predicted fracture strength are compared against the exper-
imentally measured maximum loads in Table 3. It is evident
from Table 3 that the proposed phase-field model makes a very
accurate prediction of the laminate fracture strength. It is worth
noting that the values of {pi, qi, L} can likewise be obtained for
any other composite material, and are capable of accurately de-
scribing their quasi-brittle intralaminar fracture behaviour un-
der different loading scenarios. Fig. 22 illustrates the size-effect
law typically observed in woven fabric-reinforced composites.
This occurs due to the presence of fracture process zone during
quasi-brittle fractures, and the nominal and effective strengths
of the laminate reduce with increasing specimen widths [99].
6.4. Open-hole tension test on woven-fabric reinforced com-
posite laminate
An open-hole specimen with the geometry and boundary
conditions shown in Fig. 23 is considered. We model a plain
woven glass-reinforced fabric [0o/90o] embedded in an epoxy
matrix with a fibre volume of 62%, which was experimentally
tested by Kim et al. [100] for a set of open-hole specimens.
Martı́n-Santos et al. [2] compared the nominal strength predic-
tions for this fabric composite with respect to experimental re-
sults using linear and bilinear Continuum Damage Mechanics
(CDM) models, whereas Ahmad [101] used an XFEM model
to analyze the nominal strength. It was observed in [2] that
the fabric exhibits a quasi-brittle fracture response with a large
decrease in stresses but minimal crack-opening post-initiation,
followed by a zone defined by a smaller decrease in stresses
but large crack opening displacements. Hence, a bilinear CDM
model was found to be most suitable for capturing the quasi-
brittle behaviour and predicting the nominal strength of the fab-
ric accurately. In the current work, we perform the open-hole
tension test on specimens of varying width W and hole-diameter
D using the proposed cohesive phase-field model and compare
the nominal strength predictions with results from experiments
in [100] and bilinear CDM model in [2].
The material properties are taken from [100, 2] and are also
shown in Table 4 for reference. The ply lay-up is [0o/90o], and
the mesh is refined in the central zone with he = 0.2 mm. The
length-scale parameter is chosen as L = 1.2 mm. The mesh for
specimens 1, 2, 3 and 4 comprise 3480, 2621, 6780 and 4527
S4 shell elements respectively. Based on these values, the criti-
cal energy release rates in [100] can be scaled to their effective
values Gc11 = Gc22 = 47.92 N/mm and Gc12 = 71.875 N/mm
as described in Eq. (47). The specimen with W = 20mm and
D = 8mm is used to calibrate the softening parameters {pi, qi}
required by the cohesive phase-field model as shown in Fig. 24
and Table 5. These are then used to predict and validate the
experimentally obtained nominal strengths for remaining spec-
imens.
It can be deduced from Fig. 24 and Table 5 that the param-
eters pi = 1 and qi = 0 provide the most accurate match with
the experimental laminate fracture strength. The crack-paths
for all tested samples are shown in Fig. 25, wherein two crack-
branches initiate simultaneously at diametrically opposite ends
of the hole and propagate horizontally towards the side-edges.




Figure 13: Compact-tension (CT) test on Textreme R© 80 g/m2 : Crack propagation pattern for increasing time-increments with cohesive phase-field parameters
pi = 5.5,qi = 1.1,L = 0.6 mm. The values of phase-field variable φ=0 and φ=1 represent intact and cracked states of the material
(a) (b) (c)
Figure 14: Compact-tension (CT) test on Textreme R© 80 g/m2 : Comparison of crack-paths obtained from (a) Experiments [94, 97] (b) C-Scan inspection [97] (c)
Cohesive phase-field model
[102, 63]. The load-displacement response for specimens with
different combinations of widths W and hole diameters D is
shown in Fig. 26.
The nominal strengths predicted by the cohesive phase-field
model are compared with the experimental data [100] and CDM
bilinear model [2] in Table 6. The calibrated cohesive phase-
field model provides a very good prediction of the nominal
strengths for all specimens with percentage errors lying within
3 − 4%, which highlights the robust predictive capability of the
proposed model.
6.4.1. Mesh convergence study
To investigate the sensitivity of the resulting critical frac-
ture loads and the corresponding crack patterns on the mesh-
size he and the length-scale parameter L, we perform a mesh-
convergence study on the specimen with dimensions W =
20mm and D = 4mm. Three different mesh-sizes are con-
sidered, i.e., he = 0.1mm, he = 0.15mm and he = 0.2mm.
The length-scales are chosen as L = 0.6mm, L = 0.9mm
and L = 1.2mm respectively, thus retaining a constant ratio
he/L = 1/6 to ensure that the effective critical energy release
rates Gci in Eq. (47) are scaled by the same amount.
The resulting load-displacement plots are shown in Fig. 28
and demonstrate that the critical fracture force and the overall
15








































































































1 15 9.1 5.9 4.36 12522.9 12979 191.92 198.91 3.6%
2 20.1 12.2 7.9 4.37 15181.7 15471.3 172.84 176.14 1.9%
3 24.9 15.1 9.8 4.38 17763 17955.7 162.87 164.64 1.08%
4 30.1 18.2 11.9 4.41 20288.5 20277.2 152.84 152.76 0.05%
Table 3: Double-edge notched tension (DENT) test on Textreme R© 80 g/m2: Summary of specimen sizes used for the experiments [94], and comparison between
critical fracture loads and strengths obtained from the experiments and the proposed cohesive phase-field model (PFM) with parameters pi = 5.5, qi = 1.1 and
length-scale L = 0.6 mm










CDM model [Soto, 2018]
Cohesive phase-field model
Figure 16: Compact-tension (CT) test on Textreme R© 80 g/m2 : Load-
displacement response obtained from the cohesive phase-field model with pa-
rameters [pi = 5.5, qi = 1.1, L = 0.6]. Also shown is its comparison with
CT experimental response and the prediction made using continuum damage
mechanics (CDM) model in [4]
load-displacement response remain identical in all cases. The
corresponding crack-paths are shown in Fig. 27. As the length









4000 PFM [L=0.5mm ; m
i
=10.55]
PFM [L=0.75mm ; m
i
=7.034]
PFM [L=1.0mm ; m
i
=5.275]
Figure 17: Compact-tension (CT) test on Textreme R© 80 g/m2 : Effect of pa-
rameters [L,mi] on the overall load-displacement response with (a) L = 0.5mm
; mi = 10.55 (black) (b) L = 0.75mm ; mi = 7.034 (red) (c) L = 1.0mm ;
mi = 5.275 (blue). The comparison is made assuming an ideal isotropic case
with mi = m11 = m22 = m12 and [pi = 1; qi = 0]
scale increases, the diffusion width of the crack increases al-
though without affecting the load bearing capacity of the simu-
16
(a) (b) (c)
Figure 18: Compact-tension (CT) test on Textreme R© 80 g/m2 : Influence of length-scale parameter [L,mi] on the phase-field diffusion width for (a) L = 0.5mm ;
mi = 10.55 (b) L = 0.75mm ; mi = 7.034 (c) L = 1.0mm ; mi = 5.275. The values of phase-field variable φ=0 and φ=1 represent intact and cracked states of the
material. Also, the comparison is made assuming an ideal isotropic case with mi = m11 = m22 = m12 and [pi = 1; qi = 0]
Property Values
Elastic properties E11 = 23600 MPa ; E22 = 23600 MPa ; G12 = 4000 MPa ; ν12 = 0.11
Fracture strengths σc11 = 351.4 MPa ; σc22 = 351.4 MPa ; σc12 = 351.4 MPa
Shear plasticity parameters S LP = 121 MPa ; ζE = 5 MPa ; ζTE = 500 ; ζL = 10 MPa
Critical energy release rates Gc11 = 57.5 N/mm ; Gc22 = 57.5 N/mm ; Gc12 = 86.25 N/mm
Cohesive phase-field parameters p11 = 1.0 ; q11 = 0.0 ; p22 = 1.0 ; q22 = 0.0 ; p12 = 1.0 ; q12 = 0.0 ; L = 1.2 mm





Figure 19: Double-edge notched tension (DENT) test: Geometry and boundary
conditions for Textreme R© 80 g/m2 spread-tow fabric composite laminate [All
dimensions in mm]
lated specimen.
6.5. Open-hole tension test on unidirectional (UD) composite
laminate
The case of a unidirectional (UD) composite material is ex-
amined herein. An open-hole tension test on a quasi-UD flax
fiber/epoxy matrix composite FlaxPly-UD180 is considered.
The geometry and loading conditions are shown in Fig. 29. The
areal density of the composite is 180g/m2 [105]. The material
properties are taken from [103, 104] and are provided in Table 7













1 0 1.2 138 139.67 1.21%
2 0 1.2 138 131.9 4.42%
3 0 1.2 138 126 8.7%
Table 5: Open-hole tension (OHT) test on woven glass-reinforced fabric com-
posite: Laminate strengths predicted using different combinations of cohe-
sive phase-field parameters for specimen with width W = 20mm and hole-
diameter D = 8mm, and their comparison with experimental laminate strength
[100, 2].The most accurate numerical response is obtained using parameters
[pi = 1, qi = 0, L = 1.2mm]
for reference. A refined mesh is employed with he = 0.2mm,
and the length-scale parameter is assumed L = 1.2 mm.
The critical energy release rates (Gc22 and Gc12) for trans-
verse tensile and shear matrix cracking are provided in
[103, 104], however Gc11 responsible for tensile fibre-failure is
not provided. Hence, Gc11 is assumed to be 50 times the mag-
nitude of Gc22 to prevent fibre-failure in accordance with the
assumption in [76]. Similarly, the transverse shearσc12 and lon-
gitudinal tensile strengths σc11 are assumed based on the trans-
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Figure 20: Double edge notched tension (DENT) test on Textreme R© 80 g/m2 : Crack paths obtained from experiments [94] and the cohesive phase-field model with
parameters pi = 5.5,qi = 1.1,L = 0.6 mm for specimens with (a) Specimen-1 [W = 15mm ; 2a0 = 9.1mm] (b) Specimen-2 [W = 20.1mm ; 2a0 = 12.2mm] (c)
Specimen-3 [W = 24.9mm ; 2a0 = 15.1mm] (d) Specimen-4 [W = 30.1mm ; 2a0 = 18.2mm]. The values of phase-field variable φ=0 and φ=1 represent intact and
































1 20 4.0 2.0 192.9 193.65 8034 200.85 4.12%
2 20 8.0 2.0 138 136.85 5587 139.675 1.21%
3 40 8.0 2.0 167.5 169.94 13450 168.125 0.37%
4 40 16.0 2.0 121.6 123.78 9391 117.3875 3.46%
Table 6: Open-hole tension (OHT) test on woven glass-reinforced fabric composite: Summary of experimental specimen sizes as obtained from [100, 2], and
comparison between critical fracture strengths obtained from the experiments and the proposed cohesive phase-field model (PFM) with parameters pi = 1.0, qi = 0
and length-scale L = 1.2 mm











Figure 21: Double edge notched tension (DENT) test on Textreme R© 80 g/m2
: Load-displacement responses for varying specimen widths obtained from the
cohesive phase-field model with parameters [pi = 5.5, qi = 1.1, L = 0.6]







Nominal strength - Experiments
Nominal strength - PFM
Effective strength - Experiments
Effective strength - PFM
Figure 22: Double edge notched tension (DENT) test on Textreme R© 80 g/m2 :
Strength vs specimen widths obtained from experiments [94] and the cohesive
phase-field model illustrating the size-effect law in fabric-reinforced compos-
ites. Nominal and effective strengths have been calculated based on the total
and effective laminate widths respectively
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Property Values
Elastic properties E11 = 26500 MPa ; E22 = 2600 MPa ; G12 = 1300 MPa ; ν12 = 0.35
Fracture strengths σc11 = 143.19 MPa (assumed); σc22 = 20.25 MPa ; σc12 = 17.64 MPa (assumed)
Critical energy release rates Gc11 = 31.1 N/mm (assumed) ; Gc22 = 0.622 N/mm ; Gc12 = 0.472 N/mm
Cohesive phase-field parameters p11 = 1.0 ; q11 = 0.0 ; p22 = 1.0 ; q22 = 0.0 ; p12 = 1.0 ; q12 = 0.0 ; L = 1.2 mm







Figure 23: Open-hole tension (OHT) test: Geometry and boundary conditions
for a plain woven glass-reinforced fabric composite [100, 2] [All dimensions in
mm]























Figure 24: Open-hole tension (OHT) test on woven glass-reinforced fabric
composite: Calibration of cohesive phase-field parameters with respect to the
experimental laminate strength in [100, 2] for specimen with width W = 20mm
and hole-diameter D = 8mm. The most accurate numerical response is ob-








Considering he = 0.2mm and L = 1.2mm, the critical en-
ergy release rates are scaled to their effective values based on
Eq. (47) as Gc11 = 25.9167N/mm, Gc22 = 0.5183N/mm and
Gc12 = 0.393N/mm. Since unidirectional composites do not
typically display plasticity in their shear behaviour, the shear
plasticity parameters are omitted in this case.
A series of analyses is performed considering different fibre-
(a) (b) (c) (d)
Figure 25: Open-hole tension (OHT) test on woven glass-reinforced fabric
composite: Crack paths obtained from the cohesive phase-field model with
parameters pi = 1.0,qi = 0.0,L = 1.2 mm for specimens with (a) Specimen-
1 [W = 20mm, D = 4mm] (b) Specimen-2 [W = 20mm, D = 8mm] (c)
Specimen-3 [W = 40mm, D = 8mm] and (d) Specimen-4 [W = 40mm,
D = 16mm]. The values of phase-field variable φ=0 and φ=1 represent intact
and cracked states of the material












Figure 26: Open-hole tension (OHT) test on woven glass-reinforced fabric
composite: Load-displacement responses for varying specimen widths W and
hole-diameters D obtained from the cohesive phase-field model with parame-
ters [pi = 1.0, qi = 0.0, L = 1.2]
orientation angles, i.e., α′ = {0o, 30o, 45o, 60o}. The corre-
sponding crack-paths are shown in Fig. 30. The crack deflection
angles are in good agreement with the experimental observa-
tions [103, 104] with the crack aligning consistently along the
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(a) (b) (c)
Figure 27: Open-hole tension (OHT) test on woven glass-reinforced fabric
composite: Crack paths obtained for the mesh-convergence study on spec-
imen with W = 20mm and D = 4mm. The mesh-sizes and correspond-
ing length-scale parameter considered are: (a) he = 0.1mm;L = 0.6mm, (b)
he = 0.15mm;L = 0.9mm, (c) he = 0.2mm;L = 1.2mm. The values of phase-
field variable φ=0 and φ=1 represent intact and cracked states of the material
















Figure 28: Open-hole tension (OHT) test on woven glass-reinforced fabric
composite: Comparison of force-displacement plots obtained from the mesh-
convergence study on specimen with W = 20mm and D = 4mm. The
mesh-sizes and corresponding length-scale parameter considered are: (a) he =
0.1mm;L = 0.6mm, (b) he = 0.15mm;L = 0.9mm, (c) he = 0.2mm;L = 1.2mm.
fibre-directions as is usually observed in UD composites that
have large difference in their fracture properties of fibre and
matrix, see e.g. [14, 77].
The force-displacement plots for each case are shown in
Fig. 31. The effective laminate strengths [Fig. 32] are com-
pared to the experimental results provided in [103] and simula-
tion results derived from a finite-fracture mechanics (FFM) ap-
proach [104], and brittle phase-field models [62, 76]. Although
the proposed model slightly under-predicts the effective lami-
nate strengths for the 0o case by 10%, the predictions for higher
orientation angles 45o and 60o closely match the experimental






Figure 29: Open-hole tension (OHT) test on unidirectional composite laminate:
Geometry and boundary conditions for quasi-UD flax fiber/epoxy matrix com-
posite FlaxPly-UD180 with varying fibre-orientation angle α′ [103, 104] [All
dimensions in mm]
tle failure mode that this UD composite demonstrated, which






Figure 30: Open-hole tension (OHT) test on unidirectional composite laminate:
Crack paths for varying fibre-orientation angles α′ = {0o, 30o, 45o, 60o}. The
values of phase-field variable φ=0 and φ=1 represent intact and cracked states
of the material
7. Conclusions
We propose an anisotropic 3-parameter cohesive phase-field
model for the simulation of quasi-brittle intralaminar damage
in thin spread-tow unidirectional and woven fabric-reinforced
composites. The evolving damage is represented using a sin-
gle scalar phase-field variable. However, failure mode specific
crack-driving force terms and corresponding degradation func-
tions are defined hence allowing for a robust and versatile simu-
lation tool custom fit for materials with strong anisotropies both
in their elastic and fracture properties.
The stress-degradation functions are established on the ba-
sis of 3 parameters that fully describe the post-peak softening
response in each failure mechanism. For the case of UD and
20
















Figure 31: Open-hole tension (OHT) test on unidirectional composite lami-
nate: Load-displacement responses for varying fibre-orientation angles α′ =
{0o, 30o, 45o, 60o}















Figure 32: Open-hole tension (OHT) test on unidirectional composite laminate:
Comparison of laminate strengths for different fibre orientations obtained from
a) Experiments b) Finite Fracture Mechanics model in [104] c) LTD phase-field
model in [62] d) Anisotropic brittle phase-field model in [76], and e) Present
anisotropic cohesive phase-field model
textile composites, these can be calibrated based on three ex-
periments, i.e., two tensile tests in two orthogonal directions
and a pure shear test. A strategy to accurately calibrate the co-
hesive softening curve using experimental softening curves is
discussed.
Modified expressions are also provided to account for the
case of shear induced plastic deformations; these have been
observed to be of relevance in the case of spread-tow wo-
ven fabric-reinforced composites. Within this setting, the
anisotropic cohesive phase field formulations are modified to
incorporate elasto-plasticity with isotropic hardening for the in-
plane shear behaviour.
The solution procedure for the coupled system of governing
equations is solved in a staggered manner using a hybrid strat-
egy; the crack-driving forces are evaluated based on a direct
decomposition of the strain tensor but the stresses are degraded
uniformly. The overall framework is implemented in the com-
mercial software Abaqus via a user-material (UMAT) subrou-
tine.
Our benchmark tests demonstrate the effectiveness of the
proposed method in accurately capturing damage evolution
due to diverse intra-laminar composite damage mechanisms,
namely fibre fracture, fibre pull-outs/bridging, and matrix shear
cracking. The proposed method is validated against two sets
of experiments, i.e., CT and DENT tests performed on a
Textreme R© 80 g/m2 composite. The CT tests were used to cali-
brate the cohesive parameters. This set of parameters accurately
reproduced the DENT experimental results both in terms of the
predicted crack path and the overall load deflection response of
the specimen. Further validation is performed for the case of
unidirectional flax ply and glass-reinforced fabric composites
where the proposed model is also shown to provide accurate
estimates.
Although the scope of this work is limited to simulate intra-
laminar fracture only, further extensions should be considered
to provide a generalised framework treating both intra- and
inter-laminar fracture. The extension of the proposed frame-
work in 3D applications is feasible provided that the complex
physics of through the thickness damage interactions are prop-
erly accounted for, e.g., transverse matrix shear cracks and/or
the triggering of delaminations. Although in this case the defi-
nition of the corresponding crack-driving forces and the corre-
sponding degradation functions would become more involved,
no additional complexity would arise from an implementational
and computational standpoint. We further aim to incorporate
the proposed phase-field model within a multi-scale frame-
work with the objective of providing accelerated simulations
and hence enhancing its applicability to real-life industrial ap-
plications.
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